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INTRODUCTION 


The  development  of  the  techniques  and  application  of  electromagnetic  waves 
in  the  microwave  region  is  progressing  towards  the  use  of  higher  frequencies. 
The  physical  size  of  the  transmission  cjlements  employed  at  present  is  already 
of  an  order  of  magnitude  comparable  with  a wavelength.  For  a further  increase 
in  operating  frequency  one  could,  of  course,  further  reduce  the  sizes  of  the 
transmission  elements.  However,  one  would  then  be  faced  with  difficult  prob- 
lems of  production  due  to  tolerance  requirements.  From  a practical,  standpoint, 
the  sizes  of  the  transmission  elements  must  be  in  the  realm  of  easy  machining 
and  production.  These  considerations  favor  the  use  of  transmission  elements 
whose  sizes  are  large  in  comparison  with  a wavelength.  Because  of  that  the  in- 
terest in  such  transmission  systems  has  increased  in  recent  years.  Relatively 
little  is  known  about  such  transmission  elements.  The  present  investigation 
concerns  itself  with  such  transmission  elements  which, . as  a results  of  the  large 
si*e-to-wavelength  ratios,  may  propagate  several  modes. 

It  is  wall  known  that  in  finite  regions,  or  in  waveguides,  the  electromag- 
netic field  car  be  described  in  terms  of  a discrete  set  of  characteristic 
modes  * , or  elementary  waves.  Each  one  of  these  modes  for  a loss-free  guide 
has  an  individual  propagation  constant  which  is  either  a real  or  imaginary 
function  of  the  geometry  and  the  dimensions  of  finite  region.  Up  to  the  pre- 
sent, most  of  the  applications,  and  therefore  the  analysis  of  propagation, 
have  limited  themselves  to  such  dimensions  that  only  one  of  the  infinite  number 

To) 

of  possible  characteristic  modes  has  a real  propagation  constant  » All  other 
modes  have  imaginary  propagation  constants,  and  therefore  -within  a certain  dis- 
tance from  their  source  attenuate  to  a negligible  magnitude.  Under  these  con- 
ditions the  waveguide  could  propagate  only  one  mode.  For  tnis  situation  it  has 
been  shown  that  there  is  a complete  analogy  between  the  single  mode  guide  and 
the  standard  transmission  line^’^).  phis  analogy  has  been  extremely  useful., 
particularly  from  the  engineering  point  of  view,  as  it  gives  an  insight  into 
the  waveguide  based  on  the  wide  knowledge  of  phenomena  in  the  usual  transmission 
lines.  The  effect  of  discontinuities  in  a waveguide  can  then  be  considered  in 
light  of  the  known  effect  of  an  equivalent  localized  impedance^)  on  the  trans- 
mission line. 

It  is  worth  pointing  out  that  waveguides  which  propagate  several  modes, 
so-called  multimode  waveguides,  have  various  other  applications  beside  allow- 
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ing  an  increase  in  the  operating  frequencies , They  offer  wide  band  transmis- 
sion systems^,  possibility  of  multiplex  operation  in  a single  -waveguide, 
mode  mixing  devices,  and  associated  control  of  the  illumination  of  horn  aper- 
tures, etc#  In  the  present  work  we  do  not  discuss  these  applications  which 
offer  a wide  and  diverse  field  for  research.  We  limit  ourselves  to  a particu- 
lar problem  which  at  the  moment  is  of  great  practical  and  theoretical  interest. 

A basic  property  of  the  characteristic  modes  in  a uniform  cylindrical 
waveguide  is  -that  of  orthogonality;  hence  there  is  no  energy  interchange  be- 
tween the  modes  A uniform  waveguide  allowing  the  propagation  of  several 

(2 ) 

modes  would  then  act  like  a set  of  independent  transmission  lines  f bat  in 
the  region  of  a,  discontinuity  in  the  waveguide,  the  orthogonality  of  the  modes 
breaks  down.  In  the  region  of  the  obstacle,  then  there  would  be  an  interac- 
tion between  the  modes,  which  would  appear  as  cross  coupling  of  the  otherwise 
different  and  independent  transmission  lines. 

The  problem  of  propagation  in-  a waveguide  is  basically  a field  problem 
and,  as  such,  the  scattering  of  waves  is  the  physical  aspect  which  underlines 
the  consideration  of  an  obstacle.  Having  determined  the  scattering  properties 
of  an  obstacle,  we  can  then  look  for  other  representations  which  would  have 
advantages  for  specific  considerations.  It  is  questionable  whether  the  repre- 
sentation of  a multimode  guide  by  equivalent  transmission  lines  and  obstacles 
by  equivalent  localized  impedance  network  has  the  same  merits  as  in  the  case 
of  a single  mode  guide 0 The  theory  of  multiple  transmission  lines,  coupled  by 

localized  multiple  networks  is  far  from  being  highly  developed  and  widely 

(7) 

known'  . Nevertheless,  the  engineer  is  used  to  thinking  in  terms  of  circuits 
and  impedances,  and  such  a representation  might  facilitate  the  formulation  of 
a physical  piture  of  the  phenomena  involved.  With  this  in  mind,  the  basis  for 
the  equivalent  circuit  representation  will  be  considered,  and  application,  will 
be  made  to  the  particular  problem  of  a slot  radiator  in  a multimode  guide. 

In  considering  the  problem  of  a general  obstacle  we  limit  ourselves  to 
general  considerations  of  the  scattering  matrix.  Assuming  that  we  know  the 
scattering  matrix,  we  can  investigate  some  of  its  properties  on  the  basis  of 
general  laws  that  we  know  about  the  fields  0 The  determination  of  the  scatter- 
ing matrix  itself  involves  the  solution  of  the  boundary  value  problem  represent- 
ed by  the  waveguide  with  the  obstacle  in  it. 

These  boundary  values  problems  in  most  cases  are  rather  tedious.  In  partic- 
ular, we  are  actually  faced  with  two  problems; 
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a)  Given  a certain  source  distribution  over  the  obstacle,  what  would  be  the 
fields  set  up  by  it,  that  would  satisfy  Ifexwell’s  equations  and  the  prescrib- 
ed boundary  conditions?  b)  Given  a certain  field  propagating  in  the  wave- 
guide, what  would  be  the  induced  sources  on  the  obstacle.  In  genera].,  we  are 
given  a certain  incident  field,  and  to  find  the  effect  of  a discontinuity  we 
have  to  determine  first  the  induced  sources,  and  then  derive  the  scattered 
field  produced  by  these  induced  sources, 

ITe  consider  in  detail  the  problem  of  the  slot  radiator  in  a multimode 
waveguide.  The  effort  involved  in  solving  the  above  mentioned  two  boundary 
value  problems  is  compensated  by  the  wide  applications  and  advantages  of 
slot  radiators.  In  this  work  an  approximate  solution  to  both  of  these  prob- 
lems is  presented.  It  is  shown  how  to  obtain  both  the  amplitude  and  the  dis- 
tribution of  the  induced  voltage  in  the  slot  as  a function  of  the  exciting 
field  in  the  guide  and  the  slot  geometry.  This  step  in  the  theory  is  ex- 
tremely important  as  it  facilitates  the  solution  of  a great  many  problems  as- 
sociated with  slots . In  the  single  mode  guide  it  has  been  possible  to  cir- 
cumvent solving  this  aspect  of  the  problem  by  making  judicial  assumptions^ 
in  order  to  simplify  the  specific  problem.  The  amplitude  of  the  induced  volt- 
age as  a function  of  the  exciting  field  has  not  been  determined  explicitly. 
For  the  case  of  a single  mode  guide  one  could  circumvent  it  by  the  use  of  an 
energy  balance  relation^.  Although  in  Stevenson’s  work^  an  depression 
is  given  for  the  amplitude,  it  involves  an  infinite  series  which  is  difficult 
to  evaluate. 

The  energy  balance  relation  employed  in  the  single  mode  guide  theory  in- 
fo) 

volves  a knowledge  of  the  power  radiated  by  the  slots  . To  determine  that, 
we  must  know,  besides  the  induced  voltage  which  can  be  eliminated  in  the  sin- 
gle mode  case,  the  radiation  resistance.  For  the  radiation  resistance  the 
usual  procedure  has  been  to  employ  the  external  impedance  of  the  slot.  This 
impedance  relates  the  voltage  across  the  slot  to  the  complex  power  in  the  ex- 
terior region.  Under  the  assumption  that  the  slot  is  in  an  infinite  perfect- 
ly conducting  plane  this  inpedance  can  be  evaluated  for  a given  in  the 

slot.  There  are  several  ways  to  do  this  and  they  have  been  discussed  in  the 
tel) 

literature  . Often  the  value  employed  is  the  one  obtained  by  the  applica- 
tion of  the  Babinet  Principle ^ ^ . For  a slot  in  the  wall  of  a waveguide, 
this  value  is  then  multiplied  by  a factor  of  two  on  the  basis  of  a physical 
argument.  This  argument  states  that,  since  the  waveguide  limits  the  radia- 
tion to  one  direction,  the  radiated  power  will  be  doubled. 
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Ccffijrataticns  on  the  basis  of  the  above  value  lead  to  a rather  crude  approxi- 
mation. There  is  a disagreement  of  about  3?  percent  between  the  theoretical  re- 
sults and  experimental  data^.  This  is  hardly  surprising  as  this  procedure 
neglects  the  different  nature  of  the  fields  inside  the  waveguide.  These  fields 
have  a specific  and  definitely  different  nature  than  the  fields  behind  a screen 
in  free  space.  If  these  assumptions  are  crude  approximations  in  the  case  of  a 
single  mode  guide,  they  would  be  worse  in  the  case  of  a multimode  guide  with 
its  more  complex  structure  of  fields*  Further,  in  such  a multimode  guide,  even 
if  one  would  be  satisfied  with'  this  procedure,  the  circumvention  of  the  requir- 
ed knowledge  of  the  amplitude  of  the  induced  source  is  probably  impossible. 

It  is  evident  therefore  that  a better  approximation  is  definitely  needed.  The 

theory  should  also  provide  an  answer  to  the  induced  voltage  problem. 

(H ) 

In  this  work  an  analytical  method  developed  for  wire  antennas-'  has  been 

extended  and  applied  to  the  slot  problem.  The  method  is  in  principal  similar 

(9) 

to  the  one  outlined  in  Stevens 0*1*8  work,  but  it  yields  answers  in  closed 
form  directly  applicable.  In  fact,  the  results  are  applied  to  the  multimode 
guide  and  give  very  satisfactory  agreement  with  experimental  data.  We  consider 
the  physical  difference  between  the  far  zone,  fields  of  a slot  in  an  infinite 
plane,  and  a slot  in  the  wall  of  a waveguide.  The  far  zone  fields  of  a slot 
in  an  infinite  plane  satisfy  S crane rfield’s  radiation  conditions  on  both  sides 
of  the  slot.  This  tells  us  that  the  field  amplitudes  go  to  zero  as  the  obser- 
vation point  moves  out  to  infinity.  In  fact,  it  prescribes  how  fast  the  fields 
have  to  go  to  zero.  For  **.e  case  of  a slot  in  the  wall  of  a waveguide  this  is 
true  only  for  the  outside  region;  inside  the  wave  guide  the  fields  do  not  de- 
crease in  amplitude . The  radiation  condition  on  the  fields  is  that  there  will 
be  no  reflected  waves  coming  from  infinity.  The  far  zone  field  is  just  the  sum  , 
of  all  the  freely  propagating  modes  in  the  waveguide.  We  present,  therefore, 

I 

such  a description  where  vre  can  take  account  of  this  physical  information 

i 

directly.  ! 

(6  9) 

It  has  been  customary  in  the  analysis  of  slots'  9 ' to  assume  that  the  out- 
side wall  of  the  waveguide  forms  part  of  an  infinite  perfectly  conducting  plane. 
This  assumption  may  be  one  of  the  reasons  for  the  discrepancy  between  the  theo- 
retical and  experimental  results.  In  the  present  work  this  same  assumption  is 
made,  but  the  theoretical  approximation  it  involves  is  directly  evident.  This 
point  is  further  discussed  in  Chapter  IV  of  the  text. 
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Outlined  belcw  is  the  approsdsstdoa  method  to  be  followed  here,  Te  em- 
ploy asynptotic  approximations  for  Green’s  functions  in  the  outside  and  inside 
regions.  In  terms  of  these  approximated  Green’s  functions  we  express  the  scat- 
tered fields  in  both  regions • To  match  the  fields  across  the  slot  we  apply 
the  boundary  conditions • This  leads  to  an  integro-differential  equation  for 
the  induced  sources.  Prom  this  equation  we  get  a function  which  is  analogous 
to  an  admittance  function.  An  approximate  evaluation  of  this  rather  compli- 
cated function  is  done.  It  yields  as  its  major  part  a value  that  corresponds 
to  external  impedance  obtained  from  Babinet’s  Principle  or  otherwise.  We  also 
get  a second  term  which  can  be  looked  upon  as  a correction  term,  corresponding 
to  the  internal  impedance.  This  correction  term,  as  should  be  expected,  is  de- 
termined by  the  freely  propagating  modes  that  compose  the  far-zone  field.  It 
is  interesting  to  note  that,  applying  the  value  of  the  radiation  impedance  com- 
puted here  to  the  case  of  a single  mode  guide  gives  good  agreement  with  experi- 
mental data. 

On  the  basis  of  the  computed  induced  voltage  in  the  slot,  we  solve  the 
second  part  of  the  boundary  value  problem.  This  involves  finding  the  scatter- 
ing matrix  in  the  multimode  guide,  which  is  done  by  applying  the  Lorentss  theo- 
rem in  a fashion  similar  to  the  one  outlined  in  Silver’s  book^.  The  exten- 
sion of  this  to  the  multimode  guide  presents  no  serious  difficulties.  Finally 
the  theoretical  values  are  compared  with  experimental  measurements  and  very 
good  agreement  is  observed. 

Many  of  the  experimental  results  on  the  scattering  of  a slot  in  a rectangu- 
lar waveguide  propagating  TE^q  and  TE,0  modes,  which  are  used  for  comparison, 
were  measured  in  the  University  of  California  Antenna  Laboratory  by  W.  Kummer 
before  this  theoretical  work  was  begun.  The  writer  also  took  seme  additional 
data,  using  the  experimental  methods  for  the  excitation  and  separation  of  TE 
and  TEgo  modes  worked  out  by  Kummer, 


CHAPTER  I 
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GENERAL  CCWSXDERATICKS  CF  OBSTACLES  AND  DISCONTIMITIES 

Ve  confine  the  present  discussion  to  waveguides  of  arbitrary,  but  uniform 
cross  section.  The  guide  walls  are  assumed  to  be  perfectly  conducting,  and 
the  interior  of  the  guide  is  filled  with  a lossless  medium  of  dielectric  con- 
stant and  permeability.  Under  these  conditions,  one  finds  that  the  solution 
of  Maxwell’s  equations  can  be  presented  by  a set  of  transverse  modes  of  two 

kinds.  For  one,  E ■ 0 and  for  the  ether,  H 
z z 

verse  electric 
TE  modes 


(TE)  and  transverse  magnetic 


■ 0 and  they  are  called  tr&ns- 
(TIT)  respectively'  . For 


H = er*  (-  A v\jl*  u H ) 

AmlR 


(1.1) 


and 


E=  ^ (Hxi*) 


(1.2) 


where  U(xy)  is  a solution  of  the  differential  equation 


Vt  u+  Km,„u-o 


(1.31 


and 


2 


inryn 


are  the  characteristic  values  associated  with  the  set  of  orthonormal 
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eigenfunctions  U^Qxy)  corresponding  to  the  cross  section  of  the  guide.  Their- 
determination  allows  for  a multiplicative  constant,  which  we  shall  choose  so  as 
to  obtain  a convenient  normalization.  Ife  can  treat  in  a similar  manner  the  TIT 
modes 

If  we  normalize  all  the  modes  so  that  the  power  flow  P across  a cross  sec- 
tion of  the  guide  is  unity  we  have 

P *ij  j Re  (gXH)^nd<r  • 1 (uh) 


Substituting  from  (1.1)  and  (1.2)  for  the  propagating  modes  g'  » jP  we  find 

p-  t R e j J (a'x/j.)  x H*]d<r  a 

<r  1°  a 

we  find 


p 


I 


hence 


OC 


<*>AA 


'/nn 


as  the  eigenfunctions  are  normalized  so  that 


f s 

(vu)  d<r=  / 

i 


(1.6) 


I 


Let-  us  denote  now  waves  propagating  to  the  right  and  left  with  a superscript' 
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a»*£S*5K3BaKSt 


of  (-)  and  (♦)  respectively 


= e; 


to  left 

E;  --Vi  LX.  Y)e  y=  e/ 


Hi  = f.  CXY)**>  = H- --  f/(x  Y)er&=  A* 


(1.7) 


Every  Held  in  the  waveguide  can  be  represented  as  a linear  combination 
of  these  orthonormal  base  vectors- and  h^. 

For  the  TE  modes  the  vector  functions  ft  (xy)  and  (xy)  are  given  be- 
low explicitly. 

K.  * - jjis:  km  p*  » t ij  Mi.  bui 


K.  '--i-JMr 

hi 

K-° 


2/3/ 

OUyU 


<pL^*-A.j~mr  in,- 

^ir  (fv  s* 

-y 

5^*  •Jzfai  **  UL 


(1.8) 


Suppose  we  have  an  incident  wave  cooing  from  infinity  in  region  1 (Fig.  1, 
page  69)  and  an  obstacle  at  z * 0 of  known  scattering  properties.  We  denote 
toy  sg  al  the  amplitude  of  the  k^h  mode  in  region  2 due  to  the  i^  mode  of 
the  amplitude  a£  incident  on  the  obstacle  in  region  1.  This  means  that  sg 
for  example  is  the  scattering  coeficient  giving  the  transfer  of  energy  from 
left  to  right  of  obstacle.  If  & wave  of  mode  i will  be  incident  on  the  ob- 
stacle in  both  regions  1 and  2 with  amplitude  and  respectively,  the 
fields  due  to  it  will  be  for  t < 0 
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E 1CXYZ)-.  dlii  s:(  a'|  e;  +£  S*!  afe^ 

K*l  K*l 

H’u  r Z) . a -A]  *5  SKia|  ?;  + £ s£  a-  e (1-?) 


and  for  s > 0 


_ i,  l + c~ T 12.  — c— 7 22  £ - 

§(*r*w  ai?u+ZSKiae-K  +Z3Kiaie-K 


Hl(3CYX^  • <3u  ♦ . . . 

i 0m  V 


(1.10) 


We  obtain  a similar  expression  for  ff1  except  and  h~  replaces  e^. 

In  the  case  of  an  arbitrary  incident  field  the  total  field  mill  be  the 
sum  of  the  contributions  of  all  the  modes  in  the  incident  field.  We  can  write  tt 


for  a < 0 


e.(xv'z)  . £ £ !/«<»;§> Ki  at ) §; ] a-n) 


t't  K*l 


and  for  a > 0 


E <x  vi)=£  £ [iKa;e%  (s^a-t  S“  a\)z~K  ] <i.u) 


/-/  K.*/ 


tod  similar  expressions  for  H. 

Since  ire  can  also  describe  the  total  fields  in  terns  of  the  arthonoaaaal 
base  Tectors  e^j  ire  can  write 


E,Oc  rz)»£a- e-  + b-e* 


• . + 


H i (x  r z) =•  £ a'  h;  * bj  h, 


E.a{xvz) 


H cxrz)  « 


* Z a*  e*.  * b fc 

ft 

= z<^b;5 

i 1 


c capering  (1,13)  and  (1,12*)  to  (1.U)  and  (1,12)  we  get 


l 


t 


(1.15) 


Upon  changing  the  order  of  numbering  so  that  index  2 on  top  starts  after  index 
N on  bottom,  where  N is  the  number  of  propagating  modes  we  can  write  in  matrix 
form 


(B)  - (S)  (A) 


(1.16) 


where  (B)  and  (A)  are  the  matrices  of  the  reflected  and  incident  amplitudes 
respectively.  Therefore  by  definition^  (S)  is  the  scattering  matrix.  We 
investigate  narr  the  properties  of  the  element  of  this  matrix. 

To  investigate  the  properties  of  Sik  we  consider  a region  that  includes 
the  obstacle  and  is  bounded  by  the  inner  walls,  and  tiro  cross  section  at 
s ■ z^<  0 and  z » z2>  0.  Since  we  consider  a source-free  region,  the  diver- 
gence of  the  field  vectors  is  zero.  Consider  two  fields  E^,  H^and  E^ 
of  the  same  frequency,  that  satisfy  llucwell’s  equations.  Then  we  can  apply  the 
Lorentz-  theorem  which  states 


(4 


£x  //  - (£  X //  ) • 21  d o'  - O 


(1.17) 


In  this  region  we  apply  the  theorem  to  two  fields  due  to  particular  modes 
set  up  in  particular  ways  to  give  the  desired  relationships  between  the  elements 
of  the  scattering  matrix  (S). 
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Consider  first  the  field  due  to  mode  ’m*  of  unit  amplitude  incident  from 
left  and  mode  ’n*  of  unit  amplitude  incident 'from  right,  and  express  these  fields 
by  expressions  similar  to  (1.11 ) and  (.12).  Then  substitute  the  above  in  (1.1?) 
and  make  use  of  the  normalisation  and  orthogonality  properties  of  the  eigenvec- 
tors ey  and  to  obtain 

- v r r / (n)  in)  (ml  . _ . ' 

2(Si»„-  Snm)*jj  (fe  XU  - £ xB  )rndr*0  (1J8) 

V/dllS 


We  consider  now  three  general  cases* 

Case  a - Lossless  obstacles  (perfectly  conducting)  in  a dosed  waveguide. 
In  this  case  the  boundary  conditions  on  and 


n x E - 0 

n • H » 0 

mm  mm 


(1.19) 


tell  us  immediately  that  the  integral  in  (1,18)  vanishes.  Hence  sj^  « S^. 

Caso  b - Lossy  obstacles  (dielectrics'  etc.)  in  a closed  waveguide. 

In  this  case  we  change  our  volume  and  surface  integration.  The  integrals 
over  the  perfectly  conducting  part  of  the  wall  vanish  as  in  case  a,  and  we  are 
left  with  an  integral  over  outer  surface  of  obstacle.  We  apply  the  same  theo- 
rem to  the  volume  of  the  obstacle.  The.  surface  of  integration  will  now  be  the 
inner  surface  of  the  obstacle,  see  Tig.  2,  page  • We  have  then 

L (£**  /A ' - © (1.20) 

'V' 

/ inner-  Surface 

and  the  integral  over  inner  surface  vanishes.  Now,  since  in  expression  (1.20 ) 
only  the  tangential  component  of  E and  H contribute,  and  by  the  boundary  con- 
ditions we  know  that  the  tangential  components  go  over  continuously  across  the 
boundary,  we  have 

Finaide  " ^outside  (l»2l) 


-12 


and  therefore  we  are  left  with 


S21-^ 
ran  ran 


0 


(1*22) 


in  this  case  also. 

Case  c - Radiating  Obstacles  - Slots  in  Waveguide  Wall 

In  this  case,  applying  t’  9 theorem,  we  will  he  left  with  and  integral 
over  inner  boundary  of  the  slot. 


r 


F '7id<r 

(T  ~i/} 
sior 


Jo 


(1.23) 


We  use  now  a similar  technique  to  the  one  used  in  case  b.  We  apply  the 
Lorentr  theorem  to  the  outside  region,  see  Fig,  3 page  , We  have  now 


f F /ndn'  + f Four  'Ftd?'  + / £ ?d<r*  O 
Sfif/£££  £ SLor  <r  of  G 


(1.24) 


As  in  case  a,  over  G the  integral  goes  to  zero  due  to  conditions  (1,19),  We 
consider  now  the  case  where  the  Radius  of  the  sphere  R goes  to  infinity. 


f F /n  dr  = ff'Fd* 

'L  F-*ccJ~ 


(1.25) 


and  as  Fisa  combination  of  the  radiation  fields  due  to  the  respective  modes. 
It  will  satisfy  the  Scnaerfeld  radiation  conditions.  We  obtain  then 

L Fsr>d<r  - O 

JSP#£££ 

and  consequently 
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"tdr*  o (1^6) 

Slot 


By  the  8MB  argument  about  the  continuity  of  the  tangential  ccopooent  as  in 
case  b9  we  see  that 


An  ■ vd<r  ^Aor  &<*'’*  ° (1,27> 

hence  we  conclude  the  symmetry  of  the  respective  elements  of  (S')  for  any  general 
obstacle. 

Applying  the  same  argument  as  outlined  in  deriving  (1,18),  to  the  field  due 
to  mode  m and  n both  incident  from  either  left  or  right,  we  get  the  requir- 
ed relation  for  all  the  necessary,  elements.  This  establishes  the  symmetry  prop- 
erties of  the  scattering  matrix  S, 

For  lossless  obstacles  we  can  also  show  that  the  matrix  (3}  will  he  uni- 
tary^2 That  is 


n 


II  Av 


(1.28) 


where 


For  i 

For  V » t 


This  can  be  done  by  applying  the  theorem  of  conservation  of  energy.  Expressing 
the  fields  due  to  any  particular  mode  by  expressions  similar  to  (1.11.)  and 
(1,12)  and  substituting  in  the  expressions  for  Poynting’s  vector,  we  obtain  the 
desired  result. 
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BQPIYAIEfT  REKSSKNTATION: 


If  we  are  to  look  upon  the  waveguide  as  a set  of  transmission  lines,  we 
must  be  able  to  represent  the  discontinuity  by  the  impedance  matrix-  (Z),  where 
(Z)  relates  the  equivalent  voltages  and  currents  as  described  in  the  literature'2’' 
through  Ohm’s  law,  (?)  « (Z)  (I).  Since  the  system  is  bilateral,  linear  and 

• V;  " 

byte) 


isotropic,  the  matrix  Z will  have  to  be  symmetrical,  i.e., 


(S)  is  the  scattering  matrix  then  the  impedance  matrix  can  be  given 


Z=(<t>-(S))  («)*(S))  (1.29) 

It  can  be  readily  shown  that  if  then  » Zj.  and  conversely. 

The  symnetry  of  (S)  has  been  proven  above  for  any  arbitrary  kind  of  ob- 
stacle. This  establishes,  then,  the  validity  of  representing  a multimode  wave- 
guide with  discontinuities  by  a system  of  transmission  lines  with  certain  coup- 
ling networks  between  the  lines s 

To  rind  the  equivalent  representation  we  have  to  find  the  matrix  (S). 

This  involves  solving  the  boundary  value  problem.  Then  from  (S)  and  (1.25)  we 
obtain  the  matrix  (Z).  We  proceed  now  to  the  solution  of  the  problem  of  an 
obstacle  in  the  form  of  a narrow  slot  radiator  in  a cylindrical  waveguide . 


*lrite  Z - IT  llf,  post  multiply  by  M,  use  symnetry  of  L and  M to  obtain  symnetry 

of  Z. 
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CHAPTER  H 


THE  INDUCED  SOURCES 

To  compute  the  voltage  ir.duced.  in  a slot  cut  in  the  nail  of  a waveguide 
we  have  to  consider  two  different  regions.  One  is  the  inside  of  the  waveguide 
and  the  other  is  the  external  space,  bounded  by  the  outer  walls  of  the  wave- 
guide and  a sphere  at  infinity.  The  slot  is  common  to  both  regions,  and  the 
solutions  for  both  regions  have  to  be  matched  in  the  slot. 

Starting  out  with  an  arbitrary  distribution  of  electric  field  in  the  slot, 
we  determine  the  vector  potential  of  this  source  in  both  the  outside  and  inside 
regions.  The  vector  potential  is  expressed  in  terms  of  Green’s  functions  for 
the  two  regions.  For  these  functions  wre  employ  asymptotic  approximations  dis- 
cussed in  Chapter  IV.  Having  determined  the  vector  potential  we  can  find  the 
associated  induced  magnetic  fields  in  the  two  regions.  The  expression  for  the 
fields  will  depend,  of  course,  on  the  electric  field  in  the  slot.  Applying 
the  boundary  condition  on  the  continuity  of  the  tangential  component  of  the 
magnetic  field  across  the  slot,  we  get  a condition  cn  the  arbitrary  " sources K 
in  the  slot.  This  condition  determines  the  proper  induced  sources  as  a func- 
tion of  the  geometry  of  the  slot,  waveguide,  and  the  incident  field.  The  in- 
cident field  comes  in,  as  the  tangential  component  of  the  magnetic  field  inside 
is  the  sum  of  the  Induced  (scattered)  and  incident  fields. 

FORMULATION  OF  PROBLEM 


Consider  a cylindrical  waveguide  and  a slot  cut  in  the  wall.  If  the  slot 
perturbs  the  current  distribution  that  would  exist  on  the  wall  of  the  guide  for 
a certain  given  electromagnetic  field  inside  the  waveguide  there  will  be  a leak- 
age of  the  inside  field  to  the  outside.  We  then  say  that  there  is  radiation 
through  the  slot  in  the  wall.  To  determine  the  radiation  of  the  slot  a basic 
problem  is  that  of  finding  the  field  excited  in  the  slot,  given  the  fields  in 
the  enclosed  region  before  the  slot  was  cut  out.  Let  us  consider  a slot  in  the 
top  wall  of  rectangular  guide  that  is  cut  parallel  to  the  z direction.  The 
slot  and  the  coordinates  are  shown  in  Fig.  I4.  In  formulating  the  problem,  we 
follow  the  procedure  of  Stevenson'  '. 

We  have  to  consider  two  regions,  one  inside  the  perfect  conductor,  and  one 
outside.  Assuming  a time  dependance  of  the  form  e*^,  and  that  the  two  regi 


- 16  - 


! 


| 

\ 

t 

\ 


*TO  filled  with  the  sane  dielectric  material,  ire  will  have  for  both  regions 

VX  E - - H 

Vx  H = fea) 


where  E and  H are  the  electric  and  magnetic  field  vectors  respectively. 
As  there  are  no  sources  in  the  region  we  also  have 


V’  § ~ O 

V-  H - o 


(200 


If  we  take  the  curl  of  the  second  equation  in  (2.1)  we  have 

V X V x H = - VXH  + V V-  H =^6?XE 


(2.2) 


Ey  (2.1a)  and  (2.1)  this  reduces  to 


I 


- O 


(2.3) 


where 


■?<*  = o£u.€.  = 


c1 


let  us  now  consider  a rectangular  waveguide,  in  which  we  have  a system  of 
rectangular  coordinates  (x,y,z),  where  the  z coordinate  is  parallel  to  the  gen- 
erating line  of  the  cylinder.  For  the  z component  of  the  magnetic  field 
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Tn  order  to  be  able  to  solve"  this  differential  equation  ire  have  to  find  the 
boundary  conditions  for  • Prom  Harwell's  equation  (2*1)  w have 


(Wr-  #*) 


and 


hh 

V 


_J / \ 

v TxSy”  / 


(2!.S) 


(2.Sa) 


in  a similar  manner  to  that  used  in  deriving  (2  *3)  ve  can  shoe  that 


VS  E < &SE*.  O 


(2.3a) 


we  have 


(2.6) 


and  substitution  in  (2  *?a)  gives  us 


iHzm j 

by 


c)X  ' 


+■ 


which  can  be  written  as 


c)  Hz  _ | 

c>y  =” 


(2:  .6a) 


Thus,  o»  the  boundaries  of  the  region  the  s component  of  the  magnetic  Held 
will  satisfy  the  condition 


r 

3z2  + 


TH>i 


(2.7) 


It  is  evident  that  in  our  coordinates  is  the  normal  derivative  of  this 

component  of  the  magnetic  field.  On  a perfect  conductor,  the  tangential  com- 


ponents of  E are  zero.  Therefore  E_  and  E are  zero  on  the  trails  and 

x z 

— *•  - everywhere  on  the,  walls  except  in  the  slot  itself. 


(13)* 


By  a well  known  relation  in  the  theory  of  Green's  functions'^'  , the  dif- 
ferential equation  for  (2  .1*),  with  the  boundary  conditions  (2.7),  can  be 
solved  in  the  following  fora 


H,  ■ frjjsw  [<& . e-)4  i„y^Man 


B y repeated  integration  by  parts,  this  can  be  transformed  to  give 


Az  (P) -p~ /At |*  - *‘)  G(pp') 4 ggP&PM 


(2.9) 


In  connection  with  this  point  it  may  be  td  rth  pointing  out  that  in  the  case  of 
waveguide  of  arbitrary  shapes  (not  cylindrical)  we  would  have  to  use  dyadic 
Green  functions  to  describe  the  fields  due  to  sources.  This  is  described  in  a 
paper  by  H.  Lavine  and  J.  Schwinger  published  by  the  symposium  on  electromag- 
netic theory  (19J>0).  As  was  pointed  out  to  the  author  by  Prof.  S.  Silver,  this 
is  due  tc  the  fact  that  the  boundary  conditions  are  then  neither  of  the  Tftrichlet 
type  nor  of  the  Neuaman  type,  but  a combination  of  the  two0  However,  in  a cylin- 
drical waveguide  we  can  describe  the  vector-  fields  in  terms  of  two  Green's  func- 
tions, as  was  done  by  Stevens  cm  9) . In  this  particular  case  one  obtains -boundary 
conditions  for  Eg  and  Eg  as-  given  in  Stevenson's  paper,  formulae  (3),  Oi)  anc 
($).  When  we  limit  ourselves  to  slots  that  are  parallel  to  the  generating  line 
of  the  cylinder,  as  we  have  dons  here,  only  a Neuaman  kind  of  Green  function  is 
necessary,  as  we  have  currents  in  the  s direction  only.  The  author  wishes  to 
thank  Prof.  H.  Schiffer  far  his  help  in  clarifying  these  points. 
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The  Green’s  function  G(P,P!)  3hould  satisfy  the  foil  wring? 

a)  The  homogeneous  wave  equation  except  at  a single  point,  P « P' . 

b)  radiation  conditions  at  large  distances, 

c)  boundary  conditions  on  walls'  of  conductors  in  the  relevant  (2.10) 

geometry,  i.e.  - 0 

d)  have  a singularity  of  the  type  2-j — frhen  the  point  of 
observation  converges  on  the  source  point  (lim.  R o 0). 

Any  function  G(P,P’)  that  will  satisfy  all  the  above  mentioned  condi- 
tions will  be  a perfectly  good  Green’s  function  when  multiplied  by  the  prop- 
er normalization  factor.  Further,  all  the  field  expressions  are  linear; 
therefore,  we  can  break  up  the  function  G into  linear  combinations.  In 
particular  we  can  put 


g(p,p*  ) - 0((P,P’)  ♦ g(p,p») 


(2.11) 


If  G((P,P* ) is  known,  being  the  Green's  function  for  some  known  simple  geome- 
try, then  the  conditions  for  the  determination  of  g(P,P’)  are  such  as  to  make 
G(P,P’)  satisfy  all  conditions  (2.10)  in  the  region  of  interest.  For  free 
space  divided  into  two  half  spaces  by  a perfectly  conducting  screen  we  know 
the  Green's  function  rigorously.  We  shall  use  this  function,  which  is  given 
by 


Gs(P,P') 


"HR 


(2.12 1 


as  the  function  G^P,?')  in  (2.11). 

This  function  satisfies  condition  (2.10)  ’a'  and  'd'.  We  are  interest- 
ed in  finding  the  Green’s  function  in  two  different  regions;  the  region  of 
space  constituting  the  outside  of' the  waveguide  and  the  region  of  space  in- 
side it.  For  both  regions  we  should  determine  the  functions  g(P,P3),  but 
this  in  itself  is  a considerable  task.  In  Chapter  IV  we  shall  discuss  some 
approximations  for  these  functions. 
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For  the  inside  region  ire  write 

-j*R 

<3(p,p‘)‘sv 


(2.13) 


where  gi(P,P’)  is  to  be  a function  that  satisfies  condition  (2.10a),  is  regu- 
lar everywhere,  and  is  selected  so  as  to  have  G(P,P*)  satisfy  the  radiation 

. » ^GCP.p* 

conditions  inside,  (see  introduction),  and  ^ k Q on  the  perfectly  con- 
ducting -sails.  In  terns  of  the  Green's  function  we  can,  by  (2.9)  write 


Hz<?>  - j$i.  f//M<  ♦ #*)  | 


£tFr  ~ 5z^x 


*///(&*  * <£*  ~ • EtJd*  'a‘*J 


(2.111) 


where  the  surface  of  integration  in  (2.II4)  is  only  over  the  surface  of  the  slot 
Let  us  now  introduce  a local  system  of  coordinates  in.  the  slot,  (see  Fig„  E>) 
and  consider  the  electric  field  components  in  the  slot-  In  (2.12.)  Ex(x,z ) will 
correspond  to  and  E^(x,z)  nill  correspond  to  *e 

introduce  now  the  following  assumption  about  the  slot* 

aJ 

a)  the  wavelength  is  large  in  comparison  with  the  sidth,  -r-  1. 

b)  The  slot  is  narrow  in  comparison  with  its  length,  j « 1. 

With  these  a s sumptions  we  can  safely  assume  that  the  variation  of  a- 

c:roes  the  slot  will  not  be  appreciable.  Becauseof  continuity  of  E ; and  the 
fact  that  at  the  edges  this  component  disappears,  (,-  d- , T )-  O and  2d« 
we  neglect  E^  in  comparison  id  th  V’  f • It.  is  to  be  noted  that  these 
arguments  are  on  the  basis  of  physical  plausibility.  Theoretically  this  is  an 
assumption.  It  should  be  noted  that  it  is  analogous  to  the  approximations  made 


concerning  the  current  over  the  cross  sec- 


in  the  thin  Hire  antenna  theory 
tion  of  the  Hire. 

On  the  basis  of  this  assumption  and  the  local  coordinates  w^can  rewrite 
(2.1U)  and  get 


f(^) 


-i8a  , . 

& — E + 

a-rrg  1 


(2  .Ilia) 


In  the  two  integrals  in  (2 .Ilia),  the  field  component  E^ (/fy ) is 
assumed  to  be  continuous  and  to  possess  continuous  derivative,  so  we  can  change 
the  order  of  integration  and  differentiation,  and  write 


(2.1?) 


Hhere 


. | f -A8  R 

^ H y;  d^df  + 


■e  -d 


lj-d  (F‘  P) 


(2.16) 


Tfe  proceed  now  to  transform  A into  a form  that  vdll  lead  to  a formula- 
tion that  can  be  solved.  This  step  involves  making  some  approximations,  and  it 
is  indeed  dangerous  to  approximate  before  a differentiation1.  However,  the  ap- 
proximations that  we  have  to  make  are  with  respect  to  the  dependance  on  the  x 
coordinate,  whereas  the  di : 'erentiation  is  with  respect  to  the  z coordinate. 
Nevertheless,  the  validity  ^..f  the  approximations  should  be  checked.  One  way. 
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of  course,  is  to  see  that  the  results  are  consistent,  and  hcnr  •well  they,  de- 
scribe the  known  physical  phenomena. 

It  may  be  worth  pointing  out  that  by  considering  an  equivalent  magnetic 
current  on  the  slot^^,  and  introducing  a magnetic  vector  potential,  we  are 
led  to  a result  similar  to  (2.1f>).  In  doing  that  we  have  to  make  similar  ap- 
proximations to  those  described  above,  and  we  find  then  that  A of  (2 .16)  is 
the  5 component  of  the  vector  potential* 

Having  assumed  a norrow  slot  so  that  2d«  X and  2d  « 2^,  assume 

that  the  variation  of  the  Green’s  functions  with/^>  i«  negligible  in  compari- 
son to  the  variation  with  ^ • We  can  separate  the  integration  with  respect 
to  ^ and  £ , and  write 

*y*)Sf  (2J7) 

**  £ 


where  V(J)  is  by  definition  the  voltage  across  the  slot 


(2.18) 


Lst  us  now  separate  out  the  principal  part  of  the  first  integral  in  ex- 
pression (2.16).  As  we  are  interested  in  the  fields  in  the  slot  itself,  wa 
consider  observation  points  in  the  slot.  For  these  points  we  can  write 


* * (r-r'Af‘ 


(2.19) 


where 
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Since  we  are  interested  in  the  fields  in  the  slot  itself  we  have  to  consid- 
er points  P very  close  to  P' . At  P > P*  we  have  a point  of  singularity* 
Separating  to  exclude  the  singularity  we  write 


f /im  / r ft  \ 


where  <T  > O and  arbitrarily  small. 
How  forjpVjp  we  have  from  (2.19) 

c-  s'  = Is 

f*  S - V?*- Jr 

rfr'r  - ege_ 


(2.20) 


f 

and  for  _>  j 

S - r'=-V/e*-f 
= r#  Y^-re 

rtf'  - — fl  clU 

7<e^P 


(2.20’) 


We  get  therefore  the  principal  part  of  A 
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Arenf/m^—  **+£(»£ 


e, .“  e 

+.}'•”*  r*r 


*rmn*'+ /*(?)?(*'')  W 


(2.21) 


and  integrating  A'  by  parts  we  find 

* j* . .n&~~*i\  -sro"^* 


A #(£+fi?-}z)l  + Ve**  Jkf  (£+7*x+rxL  , 

L s f*f 

f'f' 

if,  ^-j‘r]‘ji*  <**- 


te.  22) 


Introducing  the  boundary  conditions  at  the  edges  V(+/)  * 0,  and  R » y at 
f - $ by  (2.19),  we  can  rewrite  equation  (2 .22),  and  get,  after  chang- 

ing back  the  variable  of  integration  from  R to  j the  following 
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/l'=-a'ftf)4i4re'&  + 

* ( f-/)  A*  i ix+i^f1) [r-jtr  ]e^*d 

*4!  iT 


Prom  (2.19)  — r f~  f so  we  get 

**  ~T 


\0o  f if  t to'  -JT*R  , 

/*= (/- f) I* * (* «*Wv*r  tlje  (°£ } 

-x  t 


Since  the  first  term  on  the  right  side  of  (2.23)  is  for  values  in  the  plane 
J=  ? , and  of  that  in  the  slot  itself,  (i.e.  y-b)  the  values  of  f are 

very  nearly  equal  to  /yf ' . Further,  we  have  agreed  to  neglet  terms  of  order 
and  as  the  maximum  value  of  y is  f - 2d  we  can  equate  e"J  to 

unity  with  an  error  at  the.1  most  of  ^ 1.  We  find  therefore 

-0***1+  yy/& %' 

-if  (2.233) 


and 


*(&$(*&•  «iT)  cLi 


(2.2Ji) 


Let  us  now  multiply  this  expression  by  a function^  and  integrate 


•gain  from  -d  to  *d  with  respect  to  7?  . Also  iiapose  the  following  condition 
on-fty). 

d 

JJ(/V<ty  * / 

•a 


md 


(2.2?) 


The  function  H*0 
exists,  and  one  case 


governs  the  distribution  across  the  slot, 
is 


Such  an 


It  can  be  shown  easily  that  it  satisfies  the  conditions  (2.2?).  This  function 
is  directly  related  to  the  electrostatic  potential  over  a slot  in  an  infinitely 
thin  screen (1U).  Hence  it  relates  to  the  case  of  infinitely  thin  walls  of  the 
guide.  Other  functions  are  possible,  such  as  for  the  case  of  finite 

thickness,  one  which  relates  to  the  corresponding  electrostatic  problem.  ¥e 
get  then 


4 (O  = P</vw,?7 


(2.26) 


where 

^ ^ t * (Q p 

]--(/'/) &>*(*+  r di' 
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.^T*9TV  -W' 


Pi  fycnjj*/ v(s">g,  l*{s'> 


Ife  find  therefore,  by  substituting  (2.26)  in  (2.35) 

>*V<  S to « ■ ' ^ 

*»j?  /««.  rtf 


In  terns  of  the  local  coordinates.  (See  Fig.  £)• 

This  is  the  field  set  up  inside  the  waveguide  over  the  slot  by  an  arbitrary 
voltage  distribution. 


THE  OUTSIDE  REGION 


Let  us  consider  now  the  region  outside. 

-jfcE 

6CP,  P>*7T  - §-  + fat  P'P') 


The  Green's  function  will  be 


(2.28) 


The  function  ~ ^ — satisfies  conditions  (2.10)  'a*  'b*  and  ’d’.  The 

function  ge(P,P’ ) has  to  be  determined  so  that  it  satisfies  condition  (2.10) 
•a*  and  makes  G(P,P* ) satisfy  condition  (2*10)  *c*  on  outer  walls  of  wave- 
guide. 


For  the  outside  region  we  find  then  that 


A change  in  sign  ccmes  in  as  we  keep  the  same  direction  for  the  normal.  Carry- 
ing through  for  A the  same  transformations  as  for  the  corresponding  A in 


the  inside  region  we  finally  get 


Uf\T(n S3  - HfEVWsJ  (2.30) 


and  for  the  scattered  magnetic  field  over  the  slot  outside  we  find 

* evfi  Sr  (t),  fjj] 

DETBRimiATICK  OF  PROPER  VOITACS 

We  impose  now  the  boundary  conditions  on  tangential  H in  order  to  get  a 
condition  on  the  arbitrary  voltage  distribution  we  assumed.  This  will  determine 
the  voltage  distribution  we  are  seeking.  Tangential  H is  continuous  through 
the  opening.  Hence 


mk> 

3i  *{  ->e 


(2.32) 


where  is  the  magnetic  component  of  the  incident  unperturbed  field. 

Substituting  for  from  (2.27)  and  (2.31)  we  get 

W V)(u* errPt) 
=-££1  /X+fi^v/r)-  ,/X  ^%U<- anP) 
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(2.311) 


Rearranging  ire  get 


+(/+**$  + 4' *r  A)] 

jw/t.  w 1 


|jrt«V=  U°+  x{v(r),f]j 

(2 .31*’) 


•where 


To  solve  this  equation  ire  expand  the  solution  in  terms  of  powers  of  x » jj-  . 

2nd 

Bfcr  our  assumption  of  a very  narrow  slot  we  have  kd  « < 1>  so 

/ n is  a large  number.  Hence  x is  a small  number,  and  expanding 

the  voltage  we  write 


-2f($)  - Vo(s)  t Mr)x  * (&*?+ 
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«<w»r 


•with  the  boundary  condition  that  V±(±£)  ■ 0.  In  general,  it  will  be  suffi- 
cient for  our  approximation  to  take  the  first  term  that  is  different  from  zero. 
Substituting  (2.3?)  in  (2.31*)  we  get 

v£=o  vS(-0  = o 

fij  v,(tt)  = o 

X'€v7(T),  r/  r 0 

(2.36) 


Tills  gives  us  a set  of  differential  equations,  with  boundary  conditions,  for 
the  determination  of  successive  approximations  for  the  induced  voltage.  The 
values  we  see  are  functions  of  the  unperturbed  exciting  field  H°  and  the 
function  «?f)  8 This  is  a rather  complicated  function  of  both  the  volt- 
age and  the  geometry  of  the  slot.  Later  we  shall  investigate  this  function  dn 
detail. 

A SLOT  OF  LENGTH  24'  tit 


For  such  a slot  we  find  that  the  solution  for  V0  which  will  satisfy  the 
boundary  conditions  is 


Tftfyt.rl 


Sin  Kt 
Cost? 


for  n even 
for  n odd 


(2.37) 


It  is  to  be  noted  that  in  this  case  of  a resonant  slot,  the  functional  varia- 
tion of  the  dominant  component  of  the  voltage  will  be  sinusoidal  across  the 
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slot,  regardless  of  the  form  or  c opposition  of  the  exciting  field  H°. 

We  note  harever,  that  the  first  equation  in  (2.36)  does  not  tell  us  any- 
thing about  the  amplitude,  which  is  a major  thing  we  are  attempting  to  find. 
However,  to  get  the  amplitude  ire  can  utilize  the  particular  boundary  conditions- 
of  this  perturbation  method.  Let  us  multiply  the  left  side  of  the  second  equa- 
tion of  the  system  (2.36)  by  VQ  and  integrate  from  - J?  to  + £ * We  have 

Q*f oc  s,"+  vf  vr  )dt  =[(■£*-  v/vr)dr 

-i  J.g 

» 

Integrating  both  terms  by  parts  we  get 

/*- / Wftt-fe '« If  r.'df] 

* - z */  */ 


Noting  now  that 

% C-  £)  * O a*i  lT(+jf)*0 


by  boundary  conditions,  we  find  that  Q ■ 0 

Let  us  then  multiply  the  right  side  of  the  second  equation  in  (2 .36)  by 
VQ  and  integrate  over  the  interval  f-  Jl  ,*■*]  with  the  result  that 
£ ‘ 

J ]]C*f(f)<£f*  O (2 .38) 

is  a homogeneous  function  of  1st  degree  in  V0(  ^ ) we  have 

*'/«(«  fJ  = C.  Xlf(s),  rJ 


and  H3  get  frco  (2.38) 


<To  = ~ 


J4  xfrcnrJ-rcvotf 


47 

L^rcndr^ 


(2. 39) 


Hence  ire  see  hair  to  determine  the  amplitude  of  the  excited  voltage  V0  as  a 
function  of  H°  and  Yn. 


£* ><*r 

~ Y/n 


?(?) 


(2.1i0) 


SLOT  OF  ARBITRARY  LENGTH 


In  this  case  it  is  obvious  that  the  equation  for  V0  in  (2.36)  with  the 
♦boundary  condition  V0(+  g ) =0  has  only  the  trivial  solution  V0(  f ) *■  0, 

The  first  tem  in  (2.3^)  different  from  zero  will  be  Va  (f).  From  the  saccnd 
equation  in  (2.36),  where  we  note  thaty^  ('*C,  ]T  ) - 0 as  K is  linear,  wig 


find 


(2.1,1) 


where 


exstfiZtJi 


if 

(eje~x)  dx 


(2„h2) 
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Therefore,  for  a slot  of  arbitrary  length  both  the  amplitude  and  distribution 
of  the  induced  voltage  are  dependant  on  the  exciting  field*  This  shows  that 
the  usual  assumption  that  the  distribution  over  the  slot  is  purely  sinusoidal 
is  valid  only  for  resonant  or  almost  resonant  slots  •%,  22.  hi  )•  In  the 
general  case  this  assumption  is  no  longer  true.  ^ 

In  the  easing  investigation  of  the  scattering  by  a slot,  we  shall  limit 
ourselves  to  resonant  slots.  In  the  multimode  guide  we  shall  also  have  to  con- 
sider briefly  slight  changes, in  resonant  slot  length,  that  is,  almost  resonant 
slots.  As  is  seen  fran  (2.2j0)  to  determine  the  amplitude  C0  we  have  to  know 
the  function  In*  The  evaluation  of  this  function  is  a major  part  of  this 
theory,  and  an  approximate  evaluation  will  be  described  in  Chapter  1 7. 


CHAFFER  III 


SCATTERING  MATRIX  OF  THE  SLOT 

Having  determined  the  induced  voltage  in  the  slot.  Chapter  II,  ire  can 
solve  now  the  second  part  of  the  boundary  value  problem?  that  is,  given  the 
voltage  over  the  slot,  find  the  scattered  field  set  up  by  it  everywhere  in 
the  waveguide.  Let  us  consider  a resonant  slot  • To  compute  the 

scattering  coefficients  we  apply  again  the  Lorentz  theorem.  The  method  is 
the  same  as  the  one  presented  in  S.  Silver’s  book^.  The  expressions  are 
rewritten  here  simply  for  convenience,  and  to  make  the  derivation  of  the  scat- 
tering coefficients  complete  * 

Consider  a waveguide  with  a slot  along  its  generating  line. 

In  this  waveguide  we  separate  out  a region  of  space  bounded  by  the  walls 
(assumed  to  be  perfectly  conducting)  and  two  cross  sections  at  z » z2,  far  e- 
nough  from  z « 0 so  that  only  the  propagating  modes  are  of  a significant  am- 
plitude. (see  Fig.  6).  This  is  a source-free  region  and  we  have  the  following: 
given  two  fields  of  the  same  frequency  (E,H)  and  (E’,H‘)  that  satisfy  Maxwells 
equation. 


£'*rt)/nd*=ffT-  /nd<r  * o 


(3.1) 


Since  both  E and  E’  are  solutions  of  Maxwell’s  equations,  they  satisfy 
the  boundary  conditions  on  the  walls. 


nxEoO;  n x E’  ■ 0 


therefere,  the  integration  over  the  walls  will  not  contribute  to  the  integral 
in  (3.1).  We  are  left  with  an  integration  over  the  slot  and  the  two  cross  sec- 
tions at  z » z j and  z * z£  . 

That  is, 


jfioT'  'nclo*  ^/V-  /ndri-Jr2". /ndf  = o 

JsJa 


(3.2.) 


— 3?  -> 


We  choose  now  for  the  field  (E,H),  the  combined  field  in  the  waveguide 
due  to  the  incident  wave  and  the  scattered  waves  due  to  the  slot.  For  the 
field  (E'jH’},  we  choose  a particular  unperturbed  characteristic  mode  that 
will  give  us  the  desired  scattering  coefficient. 

For  the  integral  over  the  cross  section  at  z * zi  in  (3.2)  we  have  for 
TE  modes 

CL  / 

£y//),)<Udp  (3.3) 

Suppose  now  that  the  incident  field  is  one  particular  mode  of  unity  ampli- 
tude, and  that  Siv  is  the  scattering  coefficient  of  the  slot.  Siv  gives 
the  scattering  into  mode  v due  to  mode  i incident.  From  the  definitions 
in  Chapter  I we  can  write  for  the  components  of  (E*  ,H* ) at  z » z the  fol- 
lowing expressions 

* -■:#«■*  — a>s*Z*e 


(3.U 


These  expressions  give  the  TI^  mode  with  the  proper  normalization  as 

indicated  in  (l#5>)  and.  (1.6).  For  simplicity  let  us  define  a quantity 

p (x)  so  that 
n 


C6t  <2120! 

OL 


(3J) 
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(3.6) 


and  rewrite  (3.ii)  in  the  form 

£i 

#x  (ffim  Sr,  (x) 


With  this  notation,  and  in  view  of  (1.9),  we  will  have  for  the  field 
(E,H)  the  following 

£y  - <*J/A  /?(X)e^  Sy  (XjeJ  ^ 

mjA  p‘ (x)  e'm'*tlSi¥  - A fiy  (*)ejPv 


(3.7) 


Substituting  these  expressions  in  (3*3)  and  carrying  out  the  algebra,  remem- 
bering the  orthogonality  of  the  modes'^,  we  get 


(3.8) 


(3.9) 


If  we  cany  through  the  same  computation  at  z m zx  ws  ^in<i  that 
the  integral  Iz^will  be  zero,  as  all  the  waves  propagate  in  the  same  direc- 
tion. 
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We  have  to  compute  now  the  value  of  the  integral  over  the  slot.  Here  we 


have 


~ 4**)]<**dV 


(3.10) 


By  the  boundary  conditions  on  the  unperturbed  auxiliaiy  field,  we  knew 
that  E£  *»  0 and  2^  » 0.  By  our  approximation  for  a narrow  slot  we  can 
neglect  in  comparison  with  E^_  and  we  get 


(3.11) 


On  the  basis  of  the  assumption  of  a narrow  slot  we  can  neglect  the  varia- 
tion i n.  P (X)  over  the  width  of  the  slot  and  write 
'/7t 


where 


d 


V(})  --J  £x(X,})dx 

-d 


(3.12) 


(3.13) 


In  Chapter  II  we  have  seen  that,  for  a slot  of  a length  equal  to  half' 
free  space  wavelength,  we  have  for  the  voltage  across  the  slot,  from  (2.1j0) 


(3.124) 


where  the  form  cosk  z is  independent  of  the  particular  configuration  of  the 


•xeiting  field*  The  amplitude,  on  the  other  hand,  is  a function  of  the  excit- 
ing field  and  is  given  by  equation  (2.39).  Hence 


e 


C 


< = Ig 

% 

Substituting  h|  in  (3.15)  we  have 
>2  # 


c':-  &} 

Y/n  -£ 


(3J5) 


as  A V*  we  have  and  we  get 


f - Pt-  (x)  Cosp.JL 

7/n 


(3.15«) 


Substituting  (3.1&)  in  (3.12:)  we  find 

I,  - - Ccsfye^dfr 

Now  by  .(3*2) 

$ ' *• 


and  substituting  (3.9)  and  (3.16)  in  (3.17)  we  find 


(3.16) 


(3.17) 


(3.18) 
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■J  , 

' i 


* 


In  (3*23)  D[tl)  ~ (S) J is  the  determinant  of  the  matrix  f(l)  - (S)]  and 

is  the  cofactor^^  of  the  element  (iv)  of 


We  see 


that  the  impedance  in  (3.22)  have  a well  defined  meaning  only  if [fa)  - (S)J 


is  a non-singular  matrix.  The  case  sher ~(S)  J is  singular  would  cor- 
respond to  the  conditions  of  self  oscillations  in  the  mode  coupling  structure, 
3h  expression  (3.21)  all  terns  buy  yn  are  real.  Therefore,  the  phase 
of  the  scattering  elements  sill  be  determined  by  the  phase  of  y^.  Our  next 
step  in  the  theory  will  be  the  evaluation  of  yn. 


"i 


i '* 


i 

J \ 
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CHAPTER  IV 


EVALUATION  OF  THE  ADMITTANCE  FUNCTION 

In  the  preceding  three  chapters  we  have  outlined  the  solution  of  the 
boundary  value  problem  in  its  tiro  parts.  We  have  derived  an  expression  for 
the  induced  sources  eq.  (2.1f0)  and  the  scattering  coefficient  of  a slot 
eq.  (3.21).  In  both  expressions  the  function  [{P(V,  ?]  that  is  defined  in 
(2.39)  enters.  For  a solution  in  closed  form,  directly  applicable  to  numeri- 
cal computation  and  practical  design,  ire  have  to  evaluate  this  function.  We 
rewirte  (2.39)  for 


“where  (see  eq.  (2  - 31i * ) 


Let  us  first  recognize  the  nature  of  the  function  In.  By  (2.39)  we  have 
for  the  amplitude  of  the  induced  voltage  as  a function  of  the  exciting  field 
H°  the  expression 


~f 

%><£  V 


(li.3) 


We  can  represent  the  t angential  magnetic  field  by  an  equivalent  electric 
current.  In  order  to  demonstrate  -the  nature  of  In  it  is  convenient  to  con- 
sider for  a moment  that  the  slot  is  center  fed  by  a Dirac  delta  function 
source.  Fran  general  network  theoiy  (Duhamel’s  Integral)  ire  know  that  the 
response  to  this  kind  of  driving  current  can  be  defined  as  on  input  admittance . 


lb  Apply  then,  at  the  center  of  the  slot,  a driving  field  of  the  form 


#“(?)  = ZJ '(r-r.) 


Substituting  (U*U)  in  (!*•£)  we  find  that  the  amplitude  of  the  induced  voltage 
is 


->^7 


We  see,  therefore,  that  in  terms  of  circuit  analogies  the  function  -Ym  takes 

the  role  of  an  admittance  functions  It  is  important  to  note  that  aa-i-  would 

. i “■lm 

then  be  an  impedance  function,  and  Re(-i-)  would  be  the  radiation  resistance 

-1m 

of  the  slot,, 

In  evaluating  this  function  let  us  divide  the  treatment  into  three  parts. 
We  shall  evaluate  each  one  of  them  separately.  We  write 


(It  .6) 


where  by  (u.l)  and  (i}.2) 


and 


(U.7) 


a.8) 


a .?) 


These  functions  depend  on  the  geometry  of  the  slot  and  the  geometry  of 
the  waveguide.  Until  now  we  have  not  restricted  ourselves  in  order  to  leave 
the  theory  in  as  general  a form  as  possible.  To  evaluate  these  functions  ex- 
plicitly we  have  to  specify  these  factors . 

We  consider  a longitudinal  slot  of  length  2 £ that  is  equal  to  ^ 
where  X is  the  free  space  wavelength  of  the  exciting  field.  Further,  we 
consider  a rectangular  guide  that  can  propagate  only  TE^  modes,  and  the 
slot  is  cut  in  a broad  face  of  the  guide  (see  Fig.  6),  parallel  to  the  axis 
of  the  guide.  With  these  assumptions  the  coordinate  j will  coincide  with 
the  coordinate  z of  the  guide.  If  we  put  the  center  of  the  coordinate  sys- 
tem xyz  so  that  the  center  of  the  slot  is  at  z =•  0,  we  need  not  distinguish 
between  f and  z anymore.  It  is  to  be  noted  that  these  assumptions  play  a 
role  mainly  in  computing  Yg  and  Y^.  As  we  shall  see,  Y^  is  independent  of 
guide  geometry.  This  is  to  be  erspected  as  it  is  determined  by  the  unperturbed 
Green’s  function  of  free  space,  (see  Chapter  H). 

Let  us  first  consider  the  function  Y^.  From  Chapter  II  we  have  for 


yfrw]=(fj ) fyQ") 

4 ; 


(liJL 0) 


We  make  now  some  simplifying  transformations.  Let  us  re-state  the  assumption 
that  the  slot  is  narrow.  With  an  error  of  order  kd«l  yre  can  write  from 
(2.19)' 


a.n) 


This  is  equivalent  to  saying  that  we  shall  integrate  along  the  center  line  of 


the  slot <,  In  doing  so  ire  are  bound  to  pass  a singularity  point  at  z * z*. 
For  this  reason  ire  had  to  take  the  integral  in  (2.17)  in  the  principal  part 

sense.  With  the  assumption  (U.ll)  we  can  write 

\ 


*(**iezn*  **/}->'/ 


OiJa) 


Substituting  (ii.12)  in  (U.1D)  and  noting  the  signs  we  get 

/£**<*  '-jKr-JAf  )£**** 


(JU.13) 


aV  qv. 

We  have  to  compute  ^^57  + k (a.  ; however,  we  note  that  by  the  separa- 

tion in  (1|.13)  both  integrals  are  regular,  and  we  can  interchange  differentia- 
tion with  integration.  Also  note  that  we  differentiate  with  respect  to  z 
and  integrate  with  respect  to  z*.  Carrying  out  the  differentiation  and  re- 
membering that  by  boundary  conditions  we  have  r(i!)--o  we  get  a convenient 
expression  for  mm]  ■ i!'«  lloting  further  that  in  our  case  we  have/3 
and  that  » O > 'P"*+  f*  - O , we  finally  get  the  rather 

single  f 01m  . . . . \ 


u'+A'-u*  ii 


**> 


Oi.13) 


Substituting  (li.lij)  in  (lj.7)  we  get 


^Particulars-  on  this  transformation  are  given  in  appendix  (2). 


(MS) 


-jta*S 


-M-l)  f 
s ]<*> 


x- 


•where 


In  our  case  2 £ « ^ we  hate  kj^  » Jp 


cos  ks  « sin  k ( + z ) 


. We  can  write  therefore 
sin  k (£  - z ) 


Changing  variables,  by  substituting  k (j?  + z)  - t in  the  first  part  of 
(!*.!!>)  and  k (£  - z)  - t in  the  second  part  of  (lull*),  we  can  rewrite  Y]_  as 


(li.16) 


but 


-it 


Sm+e~J  = S;»ta>si- at-/ (/-  cos  et-) ] 


substituting  now  2t  * x vre  find 

Y,  = ^7 TT°i  (27r)-Sc^r  $ <**) 

From  (U.l6)  and  ( l»  *17 ) we  find,  substituting  the  value  of  q and  k - — 

c 

(c  velocity  of  light). 


Ti  Utt) 

••here  S^(x)  and  %(x)  are  the  sine  and  cosine  integrals,  that  is 

SL  Cx) 


and 


Di  CxW  tzgsJcLi 
t 


Considering  only  the  resistive  part  vre  can  see  that  Y]_  corresponds  to 
the  result  usually  employed  for  the  admittance  of  a ^ slot(6j9)o  value 
employed  is  the  external  impedance  of  a slot  in  a perfectly  conducting  plane. 
For  this  part  of  the  radiation  resistance  of  the  slot  we  have  from  0+.18) 


P _L-  QM.7T 
s'  G Diizn) 

(15) 

Nor,  for  a half  rave  complementary  wire  antenna  we  have 

ed  =1 /~r  4W  (27r)  = 73 /esn- 


(h.19) 


Oi.20) 


Comparing  (U*20)  and  (Ii.l9)  it  is  evident  that 


Oi.2l) 


^ -L  M 

— 


We  see  now  that  Y^  gives  ns  a value  c ©responding  to  the  slot  as  an 
analog  of  its  complementary  wire  antenna.  It  can  be  considered  as  the  first 
approximation  in  our  theory.  The  other  terms  and  Y3  of  (U.6)  will  give 
us  correction  teims  to  add  to  this  first  order  approximation.  Let  us  now  con- 
sider the  tern  Y2. 

From  (1*.8)  we  see  that  to  determine  Y2  we  have  to  find  the  function 
f $ * By  the  discussion  in  Chapter  II  and  equations  (2 .26)  and  2 .13) 
we  have 

t 

n ft  (?)  t]--f ft  r,  *?r)dr'  (U.22) 

where  the  function  » /qf)  is  the  one  introduced  in  (2*13).  As  indicated 
before,  finding  an  accurage  expression  for  gi  would  be  a veiy  difficult  task 
in  itself.  We  are  interested  in  Y^  as  a correction  to  the  basic  tern  Y]_, 
and  one  which  will  enable  us  to  take  account  of  the  difference  between  the  ra- 
diation fields  in  the  interior  and  exterior  regions.  This  difference  was  point- 
ed out  before,  and  one  should  expect  it  to  be  of  importance  in  the  phenomena. 
With  this  in  mind  we  look  for  an  approximate  expression  for  gi(z,25). 

To  find  an  approximate  expression  for  gj_  let  us  note  that  we  can  easily 
find  the  Green’s  functions  for  the  inside  of  a cylindrical  waveguide  in  terns 
of  an  infinite  series.  We  can  write  for  the  Green’s  function^' 

— — (*,>0 — <x'^e  *"^-^'1 
mZl  (ll#23) 


The  functions  ^ n(x,y)  are  the  eigengunctions  of  the  equation 


- i*8  - 


(ii.2li) 


for  the  particular  cross-section  of  the  guide,  with  the  boundary  conditions 


3 sn 


(MS) 


corresponding  to  the  case  of  TE  or  TM  inodes.  The  fa  are  the  propagation 
constants  and  the  normalization  constants-  of  the  mode  function  t/^(x,y) 
defined  so  that 


(1u26) 


comparing  now  (1**23)  »ri^  (2*13)  w©  -writ© 


(li.27) 


It  is  well  known  that  the  Cri  for  all  modes  from  1 to  N,  where  N is  a finite 
number  depending  on  the  cross  section  of  the  guide,  will  be  imaginary.  For  all 
modes  of  index  n > N the  2f* n are  real,  and  they  represent  non-propagating 
modes.  let  us  now  break  up  the  sum  in  (It. 2 3 into  two,  and  write 

G(f,  t) . f - *.13 -a'l  + 

M -Zfm 


yy  &»(*>#)  tftt  (Xtf  ) 
fa  ~~ 


a^8) 


Consider  now  the  asymptotic  fee®  of  G(P,P')  as  the  observation  point  goes  to 


infinity. 


+ f **(*'l'>  tlj-jl 

/m  A/+t  ~ Z fa 


(b.2  9) 


In  the  second  simulation  ^ is  real  and  therefore  as  z - z‘  goes  up  all  the 
terms  go  to  zero.  TTe  have,  therefore,  that  far  sway  from  the  source  pcinv,  .. 
the  Green's  function  becomes 


_ %>  CX  -X)  &(*y)  e <*(U3  I 


/T>*/ 


(li.30> 


where  N is  the  number  of  propagating  modes.  Further,  let  us  see  -what  the  form 
of  G(P,P’ ) is  for  large  distances,  in  terms  of  the  second  representations. 

TTe  have  ^ 

/7*  s~/no\~  jhsrfi  ^ , Jlvrr*  q (p  P') 


)ind  as  e"^  is  finite  (k  is  real)  the  first  term  goes  to  zero.  Hence  we 
get,  therefore,  that 


G (P,P»)  - gi  (P,P») 

- CO  +4S 


- SO  - 


comparing  (lj.32)  -with  CU* 30)  we  see  that  for 


large  distances 


j^vri 


/ j. 


<&>  (*y)  &>(*  y) 


- £ 


(U.33) 


It  is  seen  now  how  we  can  find  the  asymptote  values  of  g.  for  largc  distances. 
It  should  also  be  noted  that  this  expression  (^33)  depends  on  the  pr0pagating 
unattenuated  modes.  Referring  back  to  the  discussion  in  the  introduction  of 
the  question  of  radiation  conditions  and  far  zone  fields,  we  see  that  this  form 
brings  out  this  vexy  difference.  As  we  are  loold:ng  for  an  approximation,  the 
simplest  assumption  would  be  to  take  this  far  ZOne  asymptotic  foim.  This  is 
an  assumption,  and  it  gives  us  an  approximation  to  the  true  Green's  function. 

It  is  a plausible  approximation,  and  the  resets  support  this  point  of  view. 

It  may  be  worth  pointing  out  here  that  the  gi(Pjp.  ) aS  chosen  makes 
G(P,PO  satisfy  condition  (2.10a)  (2.10b)  an*  (2.i0d).  If  it  would  have  made 
G(P,P»)  satisfy  (2.10c)  too,  everywhere  it  would  be  the  rigorous  gi(P,P'). 
However,  it  makes  G(P.P’)  satisfy  (2.10c)  omy  on  the  wall  in  which  th3  slot 
ie  cut,  and  eve  inhere  at  a distance  from  the  slot  of  the  order  of  seVBral 
wavelengths . Although  the  order  of  error  involved  is  not  shown  mathematically, 
on  the  basis  of  these  arguments,  it  is  believed  to  be  appreciably  smaller  than 
the  correction  represented  by  the  g^(P,P')  -which  is  -used. 

On  the  basis  of  this  gi  we  can  now  flpd  ££ rW'JJ  ■ Prom  (I4.22), 
noting  that  for  a narrow  slot  f (x,y)  and  y (xry.)  3re  essentially  the  same, 
we  have 


4/ 


= Z : 

/n~t 


v?? 


(li.3£) 


To  find  T2  we  have  to  compute  p’i  + --  have  to  differentiate  this 

expression  twice  with  respect  to  z (integration  with  respect  to  z').  The 
only  part  depending  on  z is  the  integral  ih  (^.3^).  Carrying  out  this  confu- 
tation^ we  find 


^Particulars  on  this  transformation  see  in  appendix  (3). 


(ii.36) 


-£ 

Having  computed  this  we  can  new  find  the  value  of  to  within  this  approxi- 
mation. By  (1*.8) 


*'&/<£&  i£*JAfe<»A 


Hence  we  have 


(li.37) 


(l*.38) 


Fraa  this,  after  some  simple  algebraic  transformation,  we  find 


./  . V , , , 

As  vre  have  considered  the  case  of  a rectangular  waveguide  of  sides  'a5 
and  ’b' , and  such  that  only  TEn0  modes  propagate  we  have 


(l+.iiO) 


Substituting  this,  and 
finally  for 


f ~ 


rr  , we  find 


- $2  - 


/rTjrx 

a 


, aw  v Aa# 

Yz~  CMTT  aT £:, 


^ (os'/Sjt* 


This  Tg  can  be  considered  as  the  internal  admittance  of  the  slot*  It  in- 
deed gives  the  response  of  the  slot  in  its  relation  to  the  propagating  modes* 

As  we  pointed  out  before,  T*  gives'  a correction  term  for  tfo?1  admittance. 
We  note  fran  (Ij.ljl)  that  it  depends  on  the  coordinate  x throng}!  eo$2  — 5H5 — „ 

a, 

That  tells  us  that  as  the  slot  is  moved  away  fran  the  wall  x »j^  , the  cor- 
rection term  decreases  and  finally  at  x • ^ disappears.  This  is  to  be  ex- 
pected as  it  is  well  known  that  the  coupling  of  the  slot  to  the  propagating 
TSno  mode  goes  down  as  the  slot  approaches  the  center.  At  Ihe  center  the  slot 
effectively  does  not  see  the  far  zone  field  in  the  guide. 


- $3  - 


t|'  Having  computed  approximately,  let  us  new  find  Y2  to  the  -came  order 
>5f  approximation.  From  (lj,9)  w®  see  that  to  find  Y3  ire  must  know  tbs  fraction 
||e*  By  (2.29)  and  (2.30)  we  have 


\ J-f 


ge(P,P' ) is  defined  by  (2.28).  For  the  outside  region  we  have 


ik'bZ) 


ft  frtyfrfrvfr  (An- 


:**.i*3) 


v T rold  not  he  easy  to  write  another  expansion  fw  the'  flrtiwi1*  :fnr<et1.,.tn 
Vi  JPor  the  outdid®  space,  tlau  mil  satisfy  the  proper  Bomlmry  con-iv- 

■i*  w . ^ ^ 

v ' \t  on  the  walls  of  the  re«t*?igular  vav^i^jjas  sxii.’iMw*  However,  if  -m  my 
than  u^pt)  ig  the  correct  faction  that  presumably  can  be  found,  we  bev® 
at  oar  disposal  the  knowledge  of  its  asymptotic  behavior  at  infinity.  % the 
ScmnorlU  ttia  conditions'  vvi  iicn m that  as  H goes  to  infirdty  Ge(P;/i'’ T ) 

nUS<1  ^ \ f ’to  *ero  **  lejast  as  fast  s.t  |t,»  lienee  from  (h.li3).w©  see  that 


y,  £<sm. 

[1  £-^oc 


(#/>')  *0 


(ill  ‘U'iJp  Jt 


18  k ; [if  s real  and  e“^cE  is  finite . 

*f  . nU/>  4-  A Vi I-*  C*  4V  Q.'i  T!T$  f .Vl  4’ 


^I  jiw®  are  to  be  satisfied  vd  hh  the  same  order  of  appro &s  use,.j 
°*  the  | II  inside  of  the  waveguide,  vre  would  take  ge(P,);'* ) ev^f  ivhere  equa;L 
,0  1^s  1 !1  symptotic  value  as  H oO  • We  get  therefore  th«  y^g  ap,_ 

^^’ildon  ge( P,P«)  - 0 and  Pe  - 0 as  well.  ' f9  a ^sult  we  eon- 

lude  t>  t , iat  ^-thin  our  approximation 


It  should  be  pointed  out  here  that  if  we  assumed,  an  infinite  plane  outside 
the  waveguide,  the  correct-  Green* s function  for  the  outside  region  would  be 


Ge(P,P‘> 


r 

"5i~ 


-jkR 


Therefore  ge(P,P5 ) would  rigorously  be  equal  to  zero.  This  means  that 

with  such  an  assumption  « 0 rigorously*  Hence  we  see  that  assuming  an 

infinite  p lane  outside  should  yiv  '.d  the  same  results  as  obtained  within  our 

approximation.  From  this  discussion  i4-.  is  also  evident  that  adding  finite 

wings  (plane)  to  the  outside  walls  would1  ®i&e  the  appro^j^^j 

the  a ssammtlon  that  gaCP.F*)  is  aero  > ' 

^ exoser  to  the  physical  condition. 

xn  particular , wotdd  be  observed  if  the  slot  were  near  the  edge 

walls  as  the  change  in  geometry  occurs  near  the  source  point. 

Till 

xact  has  been  observed  by  ur;  expero  titeti  tally.  We  found  little  difference 
as  Img  as  the  slot  was  not  at  the  very  edge  of  the  'sail.  For  slots  at  the 
edge  there  was  a noticeable  difference  in  the  scattering  as  measured  inside. 
For  experimental  reasons  we  had  to  have  the  slots  at,  the  edge  of  the  wall, 
and  therefore  decided  to  add  small  wings  to  the  Trail  of  the  waveguide  as  a 
plane  conductor. 

From  (h.6)  we  can  new,  by  adding  (h.18),  Qj.ll)  and  (h.iiU,  write  the 
function  Yn  in  closed  fore. 


jB 


(h*bZ) 


where 


y . * myr* 

I f 47T^P  nu>s  “a~” j-jr  A 

<5  *&arlpt  W)  - STOfr 


and 


y £ ,0  a <p  .TX  0 

HSi(elTh^L  &**£)  s^7rrV 


(h°h7) 


In  (it.It6)  and  (li.JU?)  we  substituted  g - . These  egressions 

easily  evaluated  as  they  involve  only  a finite  s urination,  In  a|  ^a^.er  chapt^ 

we  shall  see  the  numerical  values  in  a double  mode  guide.  $ 

It  should  also  be  pointed  out  here  that  the  function  Y„  „ 

a I for  a half  -wave 

slot  within  our  approximation  is  independent  of  the  width  of  t’l  , , „ 

Je  slot  for  rela- 
tively narrow  slots  (see  Chapter  II).  This  is  ture  within  tb  //  . t . 

y/s  approximation 

for  a half  wave  slot  only.  As  can  be  seen  from  (2  „hl)  and  ( , 

, L»: x>f  for  a slot 

of  arbitrary  length  the  induced  voltage  will  be  proportion--/^  ^ 

If  one  evaluated  the  function  for  a slot  of  arbitra* 

n ,'ff  length  one  would 

rind  that  Y„  too  would  depend  on  the  width  d.  The  '.M . , , „ 

f y^act  that  the  function 

*^s®8|sgyy3||tf  wave  slot  is  insensitive  to  the  width  //  __  . . , , , 

ire^-  demonstrated  by 

our  experimental  - — u IW, 
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CHAPTER  V 


SCATTERING  IN  A DOUBLE  MODI  GUIDE 


If  we  substitute  expression  0j«^6)  and  (b*h7)  in  (3.21)  we  obtain  an  ex- 
pression for  thy  scattering  coefficient  in  closed  fora 


tangular  guide  that  can  propagate  the  TE^q  and  TEjO  moc*es  has  been  investigat- 
ed experimentally^"^.  Most  of  the  experimental  data  have  been  taken  from  the 
work  reported  V this  Laboratory  before 


Let  us  consider  the  values  of  Cli*li6)  and  (h.i;?)  first  in  a waveguide  of 
dimensions  a - lj..06ii  cm,  b ■ 1.016  cm.  The  operating  frequency  is  937?.10^c,pos«, 
which  corresponds  to  a free  space  wavelength  of  3.2  cm.  The  length  of  the  slots 
was  j ■ 1.6  cm.  The  slots  of  varying  width  were  cut  at  different  distances 
from  the  edge  of  the  wall.  It  was  found  that  the  cross  coupling  between  the 
modes  is  2rS"w}i©!r  snail.  To  jsjo'fc  rs Id. at) I0  data  within  the  experimental  errors  of 
the  system,  it  is  necessary  to  take  measurements  with  slots  very  close  to  the 
edge  of  the  wall.  This  is  the  case  for  which  we  therefore  propose  to  do  the  nu- 
merical work*  For  this  case  we  have  x - o or  a,  and  cos  ■ 1,  For  a 

wavelength  of  3.2  cm  we  have 

k * ■ 1.962  cm  (£.2’) 

0.  ■ r—  ■ 1.21  cm  ^ (£.3) 

' *8/ 

and 

» 1.21  cm  ^ (£•!;) 
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The  sum  in  expression  ([}.  1*6)  and  O4.I1?)  has  two  terms,  due  to  the  TEj_q  and 
TE^q  modes.  Let  us  compute  them  separately  for  the  sake  of  clarity.. 

The  first  component  gives  for  the  real  part 


iJL  4 • .z  n wif 

at  ft,  W- W>  Cs  & W 40&T0TI 


zTT  _ 47T  /,36£  /iy/.W.o) 

7 sZ*OS36  “ft>  c zm  30 J 


and  for  une  imaginary  part. 


en  £ ».  z_EL  /96£ 

a--t  ^ '4069.0/6  /S640S96 


after  the  arithmetic  ire  get 

0,0866  + j0,?10 


(S.£) 


The  second  component  gives  for  the  real  part 

<?7T  _j£_  />  TT  /3i  _ . /-96Z 

a*  /SJ4'-fc)  e / '4.069.0/6  /.a  ess 


and  for  the  imaginary  part 


?7r  . /96a 

4.06  • / /<?/•<?.  58 


/.Z/ 

A96Z 


Thia  gives 


0,66k  + 00.979 


(S.6) 


Hence  we  find  for  the  sum  in  (k.k6)  the  value  of  0,7^2  and  for  the  sum  in 

(pQ) 

(^,^6)  the  value  of  1,6?.  From  tables  for  the  sine  and  cosine  integrals  we 


- ?8  - 


find  that  TJ±(2-a)  » 2«iiii  and  Si(2ir)  - l,l£7.  Substituting  these  values  in 
(l*.li6)  and  (li.Itf)  we  get 


G = ^r(a-44'  o 7S)  ' 


/g.9 

/eoir' 


(S.7) 


and 


/acur* 


(S.8) 


Hence 


(5.9) 


As  was  pointed  out  in  Chapter  IV,  this  function  represents  the  admittance 
of  a center  fed  slot.  Its  inverse  would  then  give  a function  representing  an 
input  impedance  defined  on  the  same  basis 


/goTT^  _ 

|,69-  jo.  273  = 


|&OTTC(o.5*76  +j  o.o93) 


(S.10) 


Numerically  this  gives  us  for  Z 
Z m 681  + jllO  ohms 

which  indicates  agreement  wi  th  measured  values  for  the  radiation  impedance  of 
center  fed  slots 

It  should  be  noted  from  (5 ,%}  and  (£.6)  that  the  contribution  to  the  cor- 
rection factor  is  mainly  due  to  the  second  mode.  A close  look  at  (i|.l;6)  and 
0i,Ii7 ) will  indicate  that  for  an  arbitrary  number  of  modes  only  the  last  one 
will  contribute  appreciably  to  T.  This  is  due  to  the  fact  that  the  propaga- 


- & - 


tion  constant  of  the  lower  modes  are  very  close  to  k«  The  cosine  and  sine 
approach  2.  and  tr  as  p -#k.  Only  for  the  higher  modes  is  apprecia- 

bly different  from  k,  and  the  correction  terms  are  of  importance . This  al- 
ready indicates  that  as  far  as  the  slot’s  behavior1  is  concerned  it  effective- 
ly sees  only  the  higher  mode..  This  phenomena  will  be  further  demonstrated  by 
the  reflections  from  the  slot. 

By  the  expressions  (3#2l)  and  (£.10)  we  can  now  rewrite  (£.1)  in  the 


form 


os 


MTTX 


CCS 


ffiTTX 

CL 


Ar« , 


Vfrr> 


* a*\' 


(5.11) 


For  slots  at  the  edge  of  the  wall  Cos— — « 1,  and  the  dependance  on  the 
x coordinate  drops  out.  Suppose  now  that  a wave  of  mode  TE^o  i®  incident. 
The  reflected  wave  in  mode  TE^Q  will  be: 


a = £E 
- 4.13 


Jji(o.576  + ^o.o93)  00°) 

P,(^x-P‘)  ^ 


/$€a(0'576+$°'0<*5) 

\.8&3  • 0,533 * 


/•&o3 


(£.32) 


hence 

S„  = |o’3  ( <9.8  -t  £$) 


(S.13) 


The  reflected  wave  in  mode  TE^q  will  be 
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'irtiii/' 


the  right  is  the  same  as  the  scattered  field  to  the  left*  Therefor®'  the  above 
calculated  coefficients  are  sufficient  to  determine  the  field  everywhere. 

To  measure  the  amplitudes  of  the  r eflection  coefficients  we  measure  the  . 
power  of  the  reflected  waves.  These  are  plotted  in  the  graphs  in  terms  of  db. 
belcwr  incident  pcwer.  For  the  sake  of  comparison  with  the  measured  values  let 
us  express  the  coefficient  in  terms  of  decibels.  Te  get  from  (£.13),  (£.l£) 
and  (£.17)  the  following  values  j 

- 20  jL  £0  10"3 

7/a 

« -26.1  db. 


®32 


- S„ 


20 


21 

■ -17.2  db. 


139  10' 


r3 


22 


20  jb  38£  1XT3 

J/o 

-8.1*  db. 


To  compare  with  measured  values  let  us  write  them  in  a table 


t 

Calculated  db . 

Ifeasured  db.  1 



-26.1 

-27.1 

± l.£ 

m 

-17.2 

-18.7 

t i.£ 

tm 

-17.2 

-19.0 

1 i.£ 

s22 

• 

CO 

1 

—10 .2 

1 i.£ 

From  these  values  we  can  write  now  for  the  matrix  (S)  of  a half  wavelength 
slot  in  a rectangular  guide  the  following: 
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(S)  (-1) 


(0.0$  •+•  30.009  ' 0.11*  i-  30.02 

0.14  -f  30.02  04  30.06 

).9$  -t  30.009  0.11*  + 30.02 

•lit  •+  30*02  -0*6  -t-  30»06 


0.1  h 


We  see  therefore  that  the  results  are.  within  the  experimental  error,  in 
very  good  agreement.  For  the  phase  of  the  reflected  amplitudes  we  have 


- 0, 093 

-0.576 


/70,  3° 


We  find  therefore,  that  the  phase  angle  is  -170.  The  measured  values  are 
-159°  + 10°, , The  agreement  in  phase  is  not  so  good,  but  it  is  a characteris- 
tic affair  in  radiation  theory.  The  phase  is  sensitive  to  small  changes  in  res- 
onant length.  It  would  be  of  interest  to  see  the  change  in  the  function  Yn 
for  slight  changes  in  length. 


Slots  Very  Close  To  Resonant  Length 

Suppose  that  the  length  of  the  slot  is  slightly  off  the  resonant  length 
Jl  ~ . This  may  be  due  to  machining  errors,  frequency  errors,  or  pos- 

sibly purposely  introduced  by  the  design.  Let  us  denote  the  length  by  /,  . 
Assume  the  change  in  length  is  small,  and  of  the  order  — bet  us  write, 

#4*  (5.18) 


hence 


4(£-  4).  4M 


and 


4 - -4  + (£.1 9) 

As  we  assumed  a small  change  let  us  expand  the  relevant  quantities  in  a 
power  series  of  . Equation  (2.31*)  will  become, after  expanding  the  opera- 
tor 
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(£•20) 


L 


Expanding  the  boundary  condition  )T(-  &-)  « 0 into  a power  series  gives 

us 


\T ( t{.  )+aisT  O (5.2i) 

As'  in  Chapter  II,  we  look  for  a solution  in  terms  of  posers  of  x. 

V--  Oxnf'  (s^2) 

Substituting  (£.22)  into  (£.20)  we  get  a set  of  integro-differential  equa- 
tions. The  solution  for  is  as  before,  (2*37) 

^ 5 i>(S)  = Ce>S%5  (£.23) 

h 

Tb  determine  the  amplitude,  as  in  Chapter  H,  we  multiply  the  equation 
for  \/T  by  and  integrate  from  ^ y / . Instead  of  its  being  equal 
to  aero  as  in  Chapter  II,  we  find  now 

/ „ , 

f ■*  #\f,)ds  * eirc?  (5.21,) 

a/ 

’£ 

Integrating  the  right  side,  will  give  us-  an  expression  for  C0.  ¥e  get 
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Cs 


hjCfCDdt 


Kins),  f,  tjAs+l 

-0  w 


4K*r 


(£.  250 


Tie  recognize  immediately  that  the  denominator  in  (£.25)  is  the  new  admit- 
tance function.  The  integral -expression  is  identical  with  the-fimctioii  ~Yn 
we  have  considered  in  Chapter  IV.  We  see  therefore,  that  the  change  is  only 
in  the  imaginary  part  of  the  admittance.  The  real  part  is  invariant  to  slight 
changes  in  length.  If  we  rewrite  the  reactive  part,  from  Gi.lt?)  and  (£.2f0> 
we  get  after  substitution  of  & s 


p _ _ i jr  ,pir\  4 &&*(  (Pv  $ ) .0  *0  fit  7 

B -^nfStte^-aS  L.  A (rf -A';  i-4-tAtbtdJ  26) 


Let  us  see  what. the  order  of  reactance  change  is  from  the  correction  term 
ltk  Aj t&t£cL  • For  a slot  with  a width  of  0.030”  we  have 


^7  ^ i O /&  - — 4 > ^2 
and 

4 % %dl.  ~ -3/  ss  &£ 


For  a change  in  length  of  0.001”  we  have  a & » 2.51;  10“^  cm.  and  the 
change  in  reactance  is  -0.08.  Adding  this  to  values  in  (£.9)  we  now  get 

-Xi-ab*  (W68-J0.3S) 

and  the  phase  angle  will  now  be  -168°,  This  is  closer  to  the  measured  values. 

It  should  be  remembered  that  the  accuracy  of  the  measurement  of  phase  is 
poor.  In  addition,  from  above  it  is  seen  that  the  phase  is  sensitive  to  slot 
length,  and  hence  to  frequency  changes.  For  example,  a change  of  £ Mc.p.s.  in 
10.000  represents  a change  of  the  order  of  0.001"  in  terms  of  slot  length. 
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Further,  the  theory  neglects  the  effects  at  the  edges.  We  have  neglected 
BjC'fyJf)  in  comparison  with  fy,  f),  but  at  the  edges  of  the  slot 
goes  to  zero,  whereas  is  the  component  that  does  not  have  to  disappear 

there.  As  we  have  seen  that  the  phase  is  rather  sensitive  to  the  length  of  the 
slot,  we  should  expect  this  edge  effect  to  influence  the  phase  results*  Ass- 
otter  factor  which  has  been  neglected  is  the  finite  thickness  of  the  guide  mil. 
To  check  the  effect  of  slight  changes  in  slot  length,  the  phase  as  a function 
of  frequency  has  been  measured.  The  frequency  varies  over  a small  range,  arbuid 
the  ** .correct*  frequency  of  937?  MC.  The  results  are  plotted,  in  Fig.  9.  It 
can  be  seen  from  the  experimental  curve  that  for  slight  changes  in  frequency, 
tiwre  are  rather  appreciable  changes  in  phase.  With  *n  thesis  factors  in  mind 
the  agreement  in  phase  between  the  theoretical  and  experimental  results  is 
rather  good. 


Discussion  of  the  Experiments' 


The  experimental  set  up  has  been  described  before 


(16; 


A schematic  dia- 


gram is  shown  in  Fig.  10.  The  principal  unit  isa  mode  transducer,  designed  so 
a§  to  excite  separately  and  independently  either  mode  TE^0  or  mode  TI^0  in 
the  double  mode  guide.  In  a former  paper ^ ^ we  have  shown  the  validity  of 
.’aeasuring  the  scattering  coefficient  through  such  a transducer.  This  has  been 
eh  cam  to  be  true  only  if  the  transducer  is  matched  in  every  direction.  Any  devi- 


ation, from  the  match  will  result  in  experimental  errors.  This  sensitivity  t.o 
:&  match  in  four  ways  results  in  a system  which  is  rather  frequency  semitive. 
Although  care  was  taken  in  the  matching  work,  the&msracy  of  the  system.  If 
limited.  The  measuring  equipment  employed  would  yield  resrui  ■«  within  £ db  in 
amplitude  and  5 degrees  in  phase.  We  have  foonci,  h'wvor,  that  the  accuracy 
in  anqplitude  is  only  within  1«£  db  and  the  phase  errors  are  about  1?  degrees. 


The  reliability  of  the  phase  measurements,  in  particular,  is  below  what  might 
be  considered  desirable.  This  is  due  to  the  sensitivity  of  the  system  to  the 
joints  in  the  microwave  plumbing,  and  the  fact  that  the  measuring  procedure 
required  moving  these  joints.  The  elimination  of  cables,  and  the  use  of  wave- 
guides with  rotating  joints  has  iapzwed  that  part  considerably.  The  amplitudes 
and  phases  were  measured  in  two  ways.  In  the  reflected  wave  region  the  method 
employed  was  the  Voltage  Standing  lave  Ratio,  and  in  the  transmitted  region,  a 
magic  ? bridge  with  a compensating  attenuator  and  phase  shifter  for  balancing 


ware  employed.  It  shod" 
multimode  guides  are 
be  developed.  -i 


Conclusions 


if  pointed  out  that  the  techniques  for  measuring  in 
at  the  beginning  of  their  development,  and  need  to 


investigation  we  can  conclude  that,  for  the  particular  case  of 
el  to  the  axis  of  the  guide  and  located  on  the  broad  face  of  the 
rectangular  guide  propagating  the  TE^q  and  T&,q  inodes  a wlot 
mainly  with  the  higher  mode . This  will  be  the  case  for  any  member 
If  a slob  is  to  be  used  as  a radiator,  the  mode  to  launch  in  the 
highest  one  possible.  This  will  give  the  ’jaxioiua  radiation  power, 
expression  (5.1)  it  can  b a -seen  that  the  reason  for  this  behavior  Is  the 
that  the  guide  wavelength  for  lower  modes  is  close  to  the  free  space  wave- 
Mttgth*  The  factor  Cos^P  £ is  very  close  to  zero.  Bealizing  that,  it  is  evi- 
that  slots  could  be  used  as  a means  of  separating  the  inodes. 

Although  the  expressions  derived  here  are  for  a resonant  slot,  they  indi- 
elite  the  behavior  of  slots  in  general.  He  have  seen  that  for  small  changes  in 
length  the  resistive  part  is  invariant.  It  can  be  safely  assumed  thr.t  the 
general  character  of  slots  of  length  not  too  different  from  the  .resonant  length 
vwld  i-.ot.  'm  appreciably  different  from  nhat  we  found  for  the  resonant  length. 
One  cr.n  find  such  a,  length  of  longitudinal  slot  that  will  interact  with 
j'.it  mode  only.  As  such,  these  slots  would  serve  as  mode  separators*  Lne  could 
also  have  two  slots  arranged  so  that  one  interacts  with  one  mode  and  the  other 


with  the  second  mode.  This  could  be  applied  of  course,  to  any  number  of  modes 
and  slots.  Such  an  arrangement  will  serve  as  a launcher,  or  a receiving  filter, 
for  a multiplex  system.  Every  mode  can  be  made  to  carry  another  message  in  the 
same  waveguide. 

From  the  theory  developed  here  we  can  arrive  at  some  idea  for  investigating 
scattered  fields  in  general.  The  major  part  of  the  information  is  derivable 
from  the  singularity  of  the  source  functions?.  From  the  theory  of  functions  this 
is  to  be  expected.  Nevertheless,  this  way  cf  attack  has  been  neglected  in  com- 
parison with  the  mods!  expansion  method.  The  jaodal  expansion  method  can  claim 
more  rigour  in  writing  out  a formal  solution.  If  no  recourse  is  taken  to  approxi- 
mation procedures,  it  gives  a solution  in  terms  of  infinite  series-.  In  most 
cases  the  convergence  of  these  series  leaves  much  to  be  desired.  It  would  probably 
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be  fruitful  to  investigate  the  region  of  singularity  first.  For  electromag- 
netic fields  the  singularity  of  the  source  functions  is  well  known,  and  its 
location  is  in  the  region  of  integration.  Separating  it  out,  and  treating 
it  separately  will  give  the  major  part  of  the  wanted .information.  The  special 
nature  of  the  region  of  interest  can  then  be  introduced  as  a correction,  or  a 
refinement  of  the  information  derived  from  the  singularity. 

Suggestions  for  Further  He search 

Several  problems  amenable  to  treatment  by  the  outlined  method  present 
themselves.  In  principle  there  is  no  difficulty  in  extending  the  method  pre- 
sented here  to  slots  of  arbitrary  length.  It  Trill  involve  a more  complicated 
integration,  but  this  could  be  evaluated  either  approximately  or  rigorously. 

One  would  also  want  to  know  in  detail  the  behavior  of  slots  at  an  arbitrary 
angle  to  the  direction  of  propagation.  Another  important  problem  in  the  de- 
sign of  slot  arrays  is  the  interaction  of  adjacent  slots.  With  the  expressions 
for  the  voltage  induced  in  a slot  by  an  arbitrary  exciting  field  this  problem 
could  be  solved  without  much  difficulty.  A class  of  problems  of  a little  dif- 
ferent nature  are  diffraction  problems  in  free  space.  It  would  be  of  interest 
to  apply  the  outlined  method  to  the  problems  of  diffraction. 
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FIG,  7 TP  ANSMI  SSION  AND  REFLECTION  COEFFICIENTS  FOR  A HALF  WAVELENGTH  LONGITUDINAL  SLOT 


SCHEMATIC  LAYOUT  FOR  MEASURING  TRANSMISSION  AND  REFLECTION 
COEFFICIENTS  WITH  TE20  INCIDENT  ON  SLOT 


APP3TOIX  1 


In  the  transformation  leading  to  equation  (1.18)  the  following  is  required. 


(Al.l) 


Referring  to  (1.17)  and  (1.18)  we  get 

T}’// %*  f**f"  >■ * ^ (Ai-2) 


Consider  the  first  term  under  the  integral.  For  the  cross  product  of  the 
vector  mode  functions  we  have  from  (1.8) 

JJftfi- V tit  - tii  ti*)d*J?  - 


With  similar  substitutions  we  find  for  the  second  term  in  (A1.2) 


* fk'  ^ (Ai.it) 

Adding  these  two  we  find  that 


In  a similar  fashion  one  can  find  that  when  direction  of  normal  vector 
is  reversed,  we  get  for  the  integral  over  the  cross-section  theralue  of  (-2). 
With  the  help  of  such  relations  the  indicated  evaluation  -hi  Chapter  I can  be 
carried  out. 
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APPENDIX  2 


To  compute  the  transformation  from  (li.l3)  to  (J4.H1)  consider  the  expression 

2jl  "t  «/£-» 

%7 


/+**<?>[*  ~j*  WJ*****^  ‘ 

& 


(A2J.) 


Bach  of  the  tiro  integrals  in  (A2 .1)  is  regular,  and  we  can  differentiate  them 
as  functions  of  z . We  have 


(A2.2) 


and  wa  have  to  evaluate  the  integrals  in  (A2-2 ) . For  this  purpose  we  introduce 
transformations  as  follows  t 


jt»  <*>*<?- 3')= 

* **(jLj>* 

and  note  that 

c )jjLi  $UL 

>2  ' 


• tf’U, . 

r Fa, 

’ ‘sy  • 

• }x24 

’ V " 

(A2.3) 


(A24) 
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Further  denote 


i 


e-jk(z-2r’)  * (s»2“) 

(*»*’) 


end  note  that 


’Zfz  2 ft.  . 

kla o substitute 


ay.  aV, 


/(}')*- jtf O') ■ 


We  can  write  now 

H\i fV-  4Q)'^0) 


where 


and 


(A2.S) 


(A2.6) 


(A2.7) 


(A2:.8) 


(A2.9) 


(A2.10) 
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Consider 


h.M 


-/  •*  i V i («  .n) 


Bu  (A2.lt)  and(A2.6)  ire  can  rewrite  this  in  the  form 


The  first  and  third  term  can  be  taken  out  of  the  integral  directly, 
second  term  we  integrate  by  parts-.  Thus  we  get 


The 


4 


<,>>■*■  |*A<  f • « v 


In  a similar  fashion  «e  can  treat  Iv,(z).  We  then  get 


Substituting  back  from  (A2.3)>  (A2.*>)  and  (A2.7)  and  (^,)s  O we  find 
that 


~7  9 - 


V 


/ -^3 

-ji  z^-pe^Yr-ttf*  W-jffUj 

^ C A2J.U) 


Tn  our  case  ire  have 

hence 

•/'(-iht  ; /(+*)*-#  as  #£:& 

and 

<f  "■( tA ) = © 

Further  in  our  case 

and 


(A2-.1?) 


(A2.16) 


(A2.17) 


(A2.18) 


(A2.19) 
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* 


I 


Substituting  (A2.10)  to  (A2.19)  in  (A2  .Hi)  and  adding  the  integrated 
terms  from  (A2.2)  we  find 


» ff  '■ 


(A2.20) 


•which  is  expression  used  in  text. 


APPENDIX  3 


The  transformation  from  (l*.3E>)  to  (I*. 36)  involves  computation  of  the  ex- 
pression 


(A3.1) 


where 

/ (£)  ~ Cos^j* 


To  compute  this  we  separate  the  integral  into  two  parts  and  write 


Further 
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>A3.2i)  and  (A3.?)  and  substituting  in  (A3. 3)  we  find 

Jp<£*P  zip  Q 

V w +e  y- 


«-|2 


This  can  be  ettagafcad  4U«etly.  V®  get 


P Jp(4-A  #gl 
* e 1 ^Zjs1  “ '5^,ir  005 


z 


«>] 


Si*piy  adding  up  the  terras  will  give  urn 


M=  *(e' 


(A3.6) 


(A3 .7) 


(A3.8) 


Ihich  is  the  egression  given  in  the  text 
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